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TECHNICAL NOTE 277k

A METHOD FOR FINDING A LEAST-SQUARES POLYNOMIAL
THAT PASSES THROUGE A SPECIFIED POINT
WITH SPECIFIED DERIVATIVES

By Neal Tetervin
SUMMARY

A method is presented for finding an mth-degree polynomial that
pesses through & specified point with (m - j) specified derivatives
(LS < m) and is a least-squares polynomial for other points spaced
at unequal intervals of the independent variable.

INTRODUCTION

Recently 1t became necessary to be able to find the velocity and
the rate of change of velocity along the surface at any point on the
forward portion of a symmetrical airfoil at zero angle of attack. The
given data consisted of values of the velocity at unequal intervals
along the surface and of the first derivative of the velocity at the
stagnation point. The given velocity at one of the points seemed to be
glightly in error.

In the development of a method for finding the velocity and its
first derivative, a procedure was needed for obtaining a third-degree
polynomial that passes through a specified point with a specified slope
and is a least-squares curve for other points spaced at unequal intervals
of the independent variable. A search of the available litersture
(refs. 1 to 3) in which the least-squares method is discussed failed,
however, to disclose a procedure that combines the least-squares method
with the requirement that the polynomial pass through a specified point
with a specified first derivative. Such a procedure, therefore, had to
be developed.

In the course of the analysis, it became evident that its scope
could easily be expanded to provide a method for finding an mth-degree
polynomial that passes through a specified point with (m - j) specified
derivatives (1 € j < m) and, moreover, is a least-squares polynomial for
the remaining points. The specified (m - j) derivatives asre not neces-
sarily the first (m - j) derivatives.
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The method presented should be useful when the value of a function
or the value of a function and some of its derivatives are known from
theory at one value of the independent variable and experimentally
obtained values of the function are available for other values of the
independent variable. An example is the fitting of a polynomial to the
portion of a laminar-boundary-layer velocity profile near the surface.
In this case the value of the velocity and some of the derivatives of
the velocity are known at the surface from theory and messured values
of the velocity are available at a number of polnts through the boundary
layer. The procedure should also be useful when it is necessary to
divide the total range of the independent variable into convenient
intervals and to find a least-squares polynomial for the points 1n each
interval. The polynomial can then be made to pass through the point
given by the preceding polynomial at the end of the preceding interval
with the required derivativee. Examples are the fitting of an airfoil
velocity distribution by a number of polynomials and the fitting of a
boundary-layer velocity profile by polynomials.

SYMBOLS
N+1 number of points
m degree of polynomial
X independent variable
Yy dependent variable
X0:¥0 specified point through which curve passes
Z=X-XO
Zn =X = X
CO’Cl’CE""Cm coefficients in polynomial
Cu, 5CunasCynse+Cy coefficients to be calculated by least-squares
1772 J method

ckl’ck2’ck3""ckmpj coefficiegts to be calculated from given
derivatives

CP pth coefficient in polynomial
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J number of coefficients to be calculated by
least-squares method

m - j number of coefficients to be calculated from
given derivatives

S sum
ANALYSIS

Let there be given N + 1 points (xo,yo), (xl,yl), e (XN:YN)'

It is required to find an mth-degree polynomial that passes through the
point (xo,yo) with specified (m - j) derivatives and is also & least-

squares polynomial for the remaining N points. BSome of the
remeining N points can lie on one side of X5 and some on the other

side of xg, or all the remaining N points cen lie on one side of xj,.

The polynomial is written in the form

Yy =Co + Cyz + 0222 + C3z3 + . . .+ CpEt (1)

where

Z =X - Xy
The requirement that the curve determined by the polynomial
(eq. (1)) pass through the point (xo,yo) makes Cq = yg. Additional

(m - j) coefficients in the polynomial (eq. (1)) are found from the known
(m - j) derivatives at point (xo,yo) by placing 2z = O in the relation

for the pth derivative:

afy _ . (p + 2)! o (p+ 3)! 3
@ = -'CP + (P + l)-CP+1Z + T CP+2Z + —T—- CP+3Z +
. . + T P+qz + - - . + ——— sz
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Thus

D
c, = i'<i_3i> (3)
Pt \az” z=0

There are thus (m - j + 1) known coefficients. The total number of coef-
ficients in the polynomial (eq. (1)) is m + 1; therefore, J unknown
coefficients remain.

For the least-squares method to be applicable, the number of unknown
coefficients, J, must be lesa than N. When Jj = N, the polynomial passes
through each point and has the specified derivatives at point (xo,yo). In

this case, the J unknown coefficients can be found more simply than by
the least-squares method. In the present analysis, Jj< N.

The J unknown coefficlents are to have values that make the poly-
nomial (eq. (1)) a least-squares polynomial for the N points
(xl,yl), (xg,ya), o e (gN,yN). That is, the unknown coefficients are

to have the values that minimize the sum of the squares of the differences
between the y values calculated by equation (1) and the given y values
for xy, xp, . . . Xy; thus,

N

2
S = ZO(CO + Cy2,, + Cpz,® + C3zn3 + .. .+ Cpz - yn) (&)
n= :

is to be a minimum, where
Zp = X - X

The substitution of 0 for 1 can be made in the lower limit of the
summgtion because Zg = 0 and Co = yo- The expression for S can be
written as

N

u u u u.

— 1 2

5 = Ef: (culzn + Cuzzn + Cy_2p 3+ e oo+ Cy 2y J) - (Yn - Co -~
n=0 - 3 J

2
k k k .
Cklzn 1. ckezn 2 - Ck3zn 3. .. - Ckm_jzn J) (5)
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vhere Cul, C“E’ Cu3, . . qu- are the J unknown coefficients and
Co emd Cy , Cyys Oggr « « - Ckm-j are the (m - J + 1) known coef-
ficients. The integers uj, up, Uz, .« . . Uy used as subscripts and

superscripts are not necessarily consecutive. Now let

k k k
= 1 2 Ky
W, = ¥n - Co - Cklzn - Ck27-'n - Ck3zn 3.... - Ckm_jzn J (6)
Equation (5) then becomes
N u n u u 2
S = 2io<bulZn 1 + CuZZn 2 + Cu3Zn 3 + . o .+ CujZn j - Wh) (7)

The sum S is a function of the j unknown coefficients Cul’ c
Cu

L12’

e+ « C;.« For S to be a minimum it is necessary that
J

3)

oS oS oS oS
=0 =0 =0, . .. =0 (8)
3y, ’ Ly, ’ 3Cuy ’ 3y

The application of the conditions given by equations (8) to equation (T7)
results in the following equations:

-~
N
u u u u u
Zcuznl+cuzn2+cuzn3+---+CuZnJ'Wnan=0
£\ 2 3 3
N ul U.2 U3 \lj U.2
Z Cui2n ~— + Cugzn + CysZp ° + . « . + 0.2 Y - Wpj2y © =0
n=0 : 3 J
s> (9)
Curzn L + Cupzn 2 u3 43 Y3 =
ulZn + U_EZD + Cu3Zn + + « . + CujZn - Wnj2Zn =0
n=0
EN (Cu znu:L + Cy znu2 + Cy znu3 + ...+ 0y znuJ - wn)znuj =0
n=0\ 1L 2 3 J
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or

n n n=0 n=Q
)i} L (10}
[P 2 P Uat 2u U, u
Cu Zznl 3+u2nzzn 3+Cu nz:zn3+ +Cy :LLG‘13=n£"nzn3
n

and
N
g e 290

Equations (10) for C C then become

ur Cupr Cugr - - - Cuy

-
CyyO2u; + Cu2°u2+ul + Cu3°u3+ul ..+ Cujguj+u1 = ¢ul
Cyy Oy +up * Cupfoup * Cu3cu3 rug ¥ oee e 7 Cujcu‘j g = ¢u2

= 11
Cul"ul+u3 + Cu20u2+u3 + Cu302u3 +_ e e ¥ quUuJ+u3 = ¢u3 > (11)
Culcul+uj + Cu26u2+uj * Cu3cu3+uj Foeoe +‘CuJ°2uJ = ¢uj

-~

‘n
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The values of Cul, Cuz, Cu3’ . e e Cu_‘j are determined by solving

the J simultaneous linear equations (egs. (11)). A convenient method
of solution is given in chapter I of reference 3.

NUMERICAL EXAMPLE

A simple example is given to illustrate the use of the method for
& specific case.

A third-degree polynomial is to pass through the point (xo =5,
Yo = 125) with a slope of T5 and is to he a least-square polynomial
for the points:

]
d

-3 F o H
&

-

OO
-3\
V]

The polynomisl is

]
I

= Co + ch + 02Z2 + C3Z3
where
zZ=X=-5

The requirement that ¥

125 for x =5 (z = 0) leads to

From equation (3) with p =1 and (—-— = 75, the resulting value

obtained for c, is
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In this example there is one known derivative and the polynomial is of
the third degree; therefore, '

Consequently, J =2 and

C =C3
With Cq = 125 and Ckl = Cy = 75, equation (6) becomes

Wy =¥p - 125 - 52y,

In order to simplify the computation of Cp and Cg3, the following
table was prepared:

no |l |m® 23| | % | m® | vn |vam® | vamd
0 5({ 0| 0 0 0 0 0| 125 0 0
1 1|-b|16 |-64| 256]|-1,024| k,096 1 16 - 64
2 21-31 9 |-27 81 -243 729 8 72 -216
3 hl-1} 1 -1 1 -1 1 6k €4 -64
b 71 2] & 8 16 32 64 | 343| 1,372 2,74k
5 81 3|1 9 27 81 243 729 512 4,608 | 13,82k
6 9l k|16 64t | 256 1,024 | k,096 729 | 11,664 | 46,656
7 | 10| 5|25 |125| 625| 3,125| 15,625 1,000| 25,000 | 125,000
:E:: 80 | 132 1,316] 3,156} 25,3k0 k2,796 | 187,880
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With u; =2, up = 3, and uj = 3 equations (11) become

Cpoy, + C305 = Bo

Co0s5 + C30g = ¢3

where
o, = i z. % = 1,316
n=0
i
o5 = > z,° = 3,156
n=0
T ¢
og = 2_ 2p° = 25,340
n=0
and

= é%(yn - 125 - T52,)z,°

T I T
=2 V7,2 -1253 z22-T75> z3
n=0 n=0 n=0

42,796 - 125(80) - T5(132)

22,896



10 _ NACA TN 2774

and

L 3
p3 = > oy
n=0

= jgi:(yn - 125 - T52p)z,3

n=0

T
SR TENETS D S
n=0 n=0 n=0

= 187,880 - 125(132) - 75(1316)
= 72,680

The equations for Co and C3 then are

1316Co + 315603 = 22,896

3156C; + 25,34005 = 72,680

Solving for Co and C3 results in

Co =15
C3=l
The required cubic equation then is

y = 125 + 52 + 1522 + 23
or

¥ =125 + T5(x = 5) + 15(x - 5)% + (x - 5)3
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which reduces to
y = x3

the equation from which the set of values of y against x was obtained.
CONCLUSIONS

A method is presented for finding an mth-degree polynomisl that
passes through a specified point with (m - Jj) specified derivatives
(L€ J<n)and is a least-squares polynomial for other points which are
spaced at unequal intervals of the independent variable.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronsutics
Langley Field, Va., June 5, 1952
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